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ON THE DISCRIMINANT OF A HYPERELLIPTIC CURVE

P. LOCKHART

ABSTRACT. The minimal discriminant of a hyperelliptic curve is defined and
used to generalize much of the arithmetic theory of elliptic curves. Over number
fields this leads to a higher genus version of Szpiro’s Conjecture. Analytically,
the discriminant is shown to be related to Siegel modular forms of higher degree.

Let K be a field and C a hyperelliptic curve of genus g defined over K
(thus g > 0 and there exists a map C — P' of degree two). When g =1,
so that C is an elliptic curve, there is an extensive theory, both analytic and
algebraic, of the minimal discriminant ideal D¢/x (see [13]). In this paper
we study the minimal discriminant for hyperelliptic curves of arbitrary genus
g > 1. Thus we obtain a natural generalization of those parts of the theory of
elliptic curves which do not involve the group structure.

To be precise, we will actually consider pointed hyperelliptic curves, which
we define in the following way. Let C and K be as above. For a divisor D, let
L(D) denote the vector space of global sections of the line bundle associated
to D (i.e. L(D) consists of those rational functions f on C which satisfy
(f)+D >0). Let Pe C. P isa Weierstrass point if dimL(2P) > 1 (ie. if
there exists a function whose only pole is a double one at P). When g =1,
every point is a Weierstrass point. However, when g > 1 there are at most
2g + 2 Weierstrass points of C, and exactly this many when char(K) # 2 (see
[1]). If P is a K-rational Weierstrass point of C, we will say that the pair
(C, P) is hyperelliptic over K (or simply hyperelliptic, if K is understood).
Thus when g =1, (C, P) being hyperelliptic means that C is an elliptic curve
with origin P.

The structure of the paper is as follows: In §1 we define the notion of a
hyperelliptic Weierstrass equation and the discriminant of such an equation.
The main result (Theorem 1.7) is that there is a natural discriminant attached
to a hyperelliptic Weierstrass equation which detects singularities in all charac-
teristics. Section 2 deals with hyperelliptic curves over local and global fields,
including minimal discriminants, reduction, and S-minimal equations. In §3
we consider hyperelliptic curves over C and show that the discriminant can be
expressed in terms of Siegel modular forms. This is then used to give analytic
upper bounds on D¢k . Finally, in §4 we examine a hyperelliptic generaliza-
tion of a conjecture of Szpiro concerning the arithmetic of the global minimal
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discriminant ideal. We show that for two infinite families of curves C this
conjecture follows from the so-called ABC Conjecture (see [11, 16]).

1. WEIERSTRASS EQUATIONS AND THE DISCRIMINANT

The main purpose of this section is to define the discriminant of a hyper-
elliptic Weierstrass equation over an arbitrary field K. Let g be a positive
integer.

Definition 1.1. A Weierstrass equation E/K of genus g is an equation of the
form

(1.1) E:y*+q(x)y = p(x)

where p and ¢ are polynomials with coefficients in K, deg(q) < g, and p is
monic of degree 2g + 1.

Proposition 1.2. Let (C, P) be hyperelliptic over K with genus g. Then there
exist nonconstant functions x,y € K(C) with x € L(2P), y € L((2g + 1)P),
which satisfy a Weierstrass equation of genus g over K. Moreover, such an
equation is unique up to a change of coordinates of the form

(1.2) x=utk+r, y=u*y4+1Zx)
where u e K*, r € K and t is a polynomial over K of degree < g .

Proof. Since P is a K-rational Weierstrass point, there exists a nonconstant
function x € K(C) with a double pole at P . By the theorem of Riemann-Roch,
we have

dimL(2gP)=g+1, dimL(2g+1)P)=g+2.

The functions 1, x, x2, ..., x¢ form a basis for L(2gP). Let y € K(C)
be an element of L((2g + 1)P) which does not lie in the subspace L(2gP).
Consider the 3g + 4 functions

(1.3) L, x,...,x%¥* yoxy, ..., x8y, y%.

Each of these functions is an element of the vector space L((4g + 2)P), which
has dimension 3g + 3. Hence there must be a K-linear dependence relation
among them. Moreover, the functions (1.3) each have poles at P of different
orders, except for x28*! and y? which both have a pole at P of exact order
4g + 2. Thus the coefficients of x%¢*! and y? must both be nonzero. Mul-
tiplying the relation by a suitable constant and rescaling x and y, we may
assume that x28*! and y? both occur with coeficient 1. Thus x and y satisfy
a Weierstrass equation of genus g over K.

Now suppose X and p are another such pair of functions. Since C is
hyperelliptic, dim L(2P) = 2. Hence we must have x = aX + r for some
ac€ K*, re K. Similarly, y = bp + ¢t(X) where b € K* and deg(s) < g.
Since this yields an equation with monic coefficients for £28*! and 2, we
have b2 = a28+! Let u=ba 8. Then u € K*, a=u? and b = u?8*+!. This
completes the proof.

Remark. When char(K) # 2, one may complete the square on the left side of
(1.1), giving rise to a Weierstrass equation for (C, P) of the form y? = f(x).
Equations of this form are unique up to changes of coordinates (1.2), with
t=0.
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Let E and E be Weierstrass equations which are related by the change of
coordinates (1.2). Write
E:y*+q(x)y=p(x), E:p*+4x)p=p%).
The relations between the coefficients of E and E are then given by
u?H1G(%) = g% +r) + 2t(%),
ut*t2p(%) = p(UPx +r) — t(R)g(ux +r) — t(%)2.

Given a Weierstrass equation E, we consider the embedding of the affine
curve E in P&*? via (x,y)— [1,x, x2,..., x8+! y]. Let Mg denote the
closure of the image of E under this map. It is easily shown that 9z has
a unique point at infinity which is always nonsingular and whose complement
is isomorphic to E. In the elliptic case, Mg may be defined simply as the
closure of E in P?. If E is nonsingular, then My is a hyperelliptic curve of
genus g with Weierstrass equation E. Conversely, if (C, P) is hyperelliptic
with Weierstrass equation E, then the above map induces an isomorphism of
C onto Mg, which is therefore a nonsingular subvariety of P#*2. Thus a
Weierstrass equation E arises from some (C, P) if and only if E has no
singular points, and in this case the set of such E form an equivalence class of
Weierstrass equations related by the transformations (1.2).

We now consider the problem of determining when a given Weierstrass equa-
tion E is singular. Since we want to work with fields of arbitrary characteristic,
it is perhaps best to consider a generic Weierstrass equation and its specializa-
tions.

Definition 1.3. Let R = Z[Py, Py, ..., Pag, Qo, Q1, ..., Qg] be the polyno-
mial ring over Z in 3g + 2 variables. Let

(1.4)

2g g

P(x)=x% 1Y " Pxk,  Q(x) =) Qxt.
k=0 k=0

Given a field K and a Weierstrass equation E, we obtain a homomorphism

ng: R — K by sending the indeterminates P, and Q; to the corresponding

coefficients of E. For r € R we write rg = ng(r). Thus Pg(x) = p(x),

Qe(x) =4q(x).

Let F and G be any two polynomials, and let Res(F, G) denote their
resultant. The following facts follow easily from the definitions (see [6, Chapter
Vv, §10]):

(R1) Res(F, G) is a polynomial over Z in the coefficients of F and G.

(R2) Res(F, G) =0 if and only if F and G have a common root.

(R3) Res(F,GH)=Res(F, G)Res(F, H).

(R4) If deg(GH) < deg(F) then Res(F + GH, G) = Res(F, G).

(RS) If ¢ is a constant, Res(cF, G) = c%8(C) Res(F, G).

(R6) If F is monic, then Res(F, F’) = Disc(F), the discriminant of F .

(R7) If F,G € R[x] and the leading coefficients of Fr and Gg are not

both zero, then Res(F, G)g =0 if and only if Res(Fg, Gg) =0.

Lemma 1.4. Write

F(x) =4P(x) + Q(x)*,
G(x) = P'(x)* = P(x)Q'(x)* + P'(x)Q' (x)Q(x).




732 P. LOCKHART

Then a Weierstrass equation E /K is singular if and only if Res(F, G)g =0.

Proof. Since P(x) is monic of degree 2g + 1 and deg(Q) < g, the leading
coefficient of F(x) is 4. Similarly, the leading coefficient of G(x) is (2g+1)2.
These cannot both be zero in K . Thus using (R2) and (R7), we need only show
that E is singular if and only if Fr and Gg have a common root.

Suppose char(K) # 2. The transformation y — y — %q(x) is of the form
(1.2) and yields the equation y? = ;Fg(x). Thus E has a singular point if and
only if Fg has a multiple root, i.e. Fr and F; have a root in common. But
G = (F'/4)? — (Q'/2)?F, so Fg and F; have a common root precisely when
Fr and Gg do.

If char(K) = 2, then the singularity of E is equivalent to the existence of
a, B € K with

B*+4q(a)B=p(), qa)=0, g¢'(@)B=p'(a)
which is the same as g(a) = 0 and ¢'(a)?p(a) — p'(@)*> = 0. Thus E is
singular if and only if ¢ and p’2 - pq’2 have a common root. But Fg = g2

and Gg = p’2 - pq’2 + p'q’q, so this condition is again equivalent to Fg and
Gg having a root in common.

Lemma 1.5. Let F and G be as above. Then
Res(F, G) = 28 Disc(1F)2.
Proof. Since deg((Q'/2)*F) = 4g — 1 < 4g = deg((F'/4)?), properties (R3)
through (R6) give us
Res(F, G) = Res(F, (F'/4)2 — (Q’/2)2F)
= Res(F, (F'/4)?) = Res(F , F'/4)*
= (498F) Res(F /4, F'/4))? = 2%¢ Disc(} F)%.

Definition 1.6. The hyperelliptic discriminant for genus g is the polynomial
A = 2% Disc(P(x) + $0(x)?).

Theorem 1.7. A is an irreducible polynomial in 3g+2 variables with coefficients
in Z with the property that for all K and all Weierstrass equations E/K,

E is singular if and only if Ag = 0.

Proof. From (R1) and Lemma 1.5, we see that A? is an element of . Hence
by Gauss’ Lemma, A € R. Lemmas 1.4 and 1.5 imply that E is singular
precisely when Ar = 0. Since the discriminant of a polynomial with inde-
terminate coefficients is irreducible over the constant field, A is irreducible in
R ® Q. Moreover, A cannot be divisible by a prime p, since there exist non-
singular Weierstrass equations over the field of p elements. Therefore A is
irreducible.

Remark. A similar argument may be used to show that (up to sign) A is in fact
the unique polynomial with these properties.

When char(K) # 2, the change of coordinates y — y — %q(x) transforms
the Weierstrass equation (1.1) into E : y2 = f(x) where f(x) = p(x)+ %q(x)z.
Clearly E is singular if and only if Disc(f) = 0. Thus Disc(p(x) + %q(x)z)
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acts as a discriminant for genus g except over fields of characteristic two. To
get A, we must multiply Disc(p(x)+ %q(x)z) by the correct power of 2, so that
it detects singularities over fields of characteristic 2 as well.

Definition 1.8. If E is a Weierstrass equation, Ag will be called the discrimi-
nant of E.

Thus if (C, P) is hyperelliptic over K with Weierstrass equation E, we
have A € K*. In the case g = 1, the above computations reduce to the
standard formulas for the discriminant of an elliptic Weierstrass equation. In
this case, one can actually write down the polynomial A explicitly [13, Chapter
I11].

Example 1.9. For the elliptic Weierstrass equation E : y2 = x3 + Ax + B, we
have the usual Ag = —16(443 + 27B?).

An important property of the discriminant of an elliptic Weierstrass equa-
tion is its homogeneity under changes of coordinates. We now show that the
hyperelliptic discriminant also has this property.

Proposition 1.10. Let E — E be a change of coordinates of the form (1.2). Then

Ag = u4g(23+l)AE~.
Proof. Regarding (1.2) as a purely formal substitution, we apply it to the generic
Weierstrass equation given by P and Q. From (1.4) we get u**2F(x) =
F(u’x +r). If we write F(x) =4[] (x —a;) and F(x) =4[] (x - B:), we get
Bi = (a; — r)/u?. Thus

a; —

2
5 ) = y~*8(&+1) Disc(F /4).

Disc(F/4) = [[ (8- 8)* =] (

Multiplying by 24¢ and applying nz gives the result.

Remark. The preceding results could, in principle, be extended to arbitrary
plane curves. In this case, elimination theory (used in place of Lemma 1.4)
gives rise to an ideal of polynomials in the coefficients of the defining equation,
rather than a single polynomial A. The computation of such “discriminants”
can be quite involved.

Let (C, P) be hyperelliptic over K with Weierstrass equation E. We now
choose a basis for the space of holomorphic one-forms H(C, QL / x) Wwhich is

in some sense homogeneous under changes of coordinates E — E . This basis
is needed for the arguments of §3.

Definition 1.11. With (C, P) and E as above, Let

x—ldx
1. = 1<i<g.
() R TR R
We write (w) = {(wy, ..., wg).

Proposition 1.12. The w, form a basis for H(C, QL /K), and under a change
of coordinates of the form (1.2) we have (w) = A(®), where A € GL4z(K) with
detd=u"¢".
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Proof. Differentiating y? + g(x)y = p(x) vyields

dx _ dy
2y+4q(x) p'(x)—q'(x)y’
Since C is nonsingular, @w; can have no affine poles. Away from the zeroes of
2y +gq(x), x is a uniformizer, so w; is nonzero. When 2y + g(x) = 0, we
have p'(x) —q'(x)y # 0 and y is a uniformizer. Thus w; has no affine roots.
Since the canonical class of C has degree 2g — 2, we must have div(w;) =
(2g-2)P.

Now div(x) > —2P, so div(w;) > (2g — 2i)P > 0. Therefore the w, are
holomorphic. There are g = dim H(C, QL /x) of them, hence they must form
a basis, as they are clearly linearly independent.

Let E — E be a change of coordinates given by (1.2). Then

w) =

(W% +r)~lutdz
20281y + 24(%) + q(ux + 1)’
Using equations (1.4), we get

ul- 2g(uzx+r)’ ldx 2j-2-1,,
@i= 2y +4(% _E<J—1> o

wW; =

Thus (w) = A(®), where A is a lower triangular matrix with diagonal elements
u?-28-1 1<i<g. Thus detA=u" with n=3%% (2i-2g-1)=-g?

Remark. When char(K) # 2, we may choose E so that ¢ = 0. In this case
one has the customary ; = 1x~ldx/y.

2. THE MINIMAL DISCRIMINANT

In this section we study the minimal discriminant of a hyperelliptic curve over
a local or global field. The results are for the most part natural generalizations
of those concerning elliptic curves (see for example [13]).

Let K be a local field with discrete valuation v, and let K be its separable
closure. Let R be the valuation ring of v, p the maximal ideal of R, and k&
the residue field R/p. We assume k is perfect with algebraic closure k. Let R
denote the integral closure of R in K. We write % for the image of x under
the canonical reduction map R — k

Let (C, P) be hyperelliptic over K , with Weierstrass equation E . Using a
suitable change of coordinates to clear denominators, we may assume that all
the coefficients of E are in R. Such an equation will be called integral. Note
that if F is an integral Weierstrass equation, A € R. Hence v(Ag) takeson a
discrete set of nonnegative integral values as E runs through the set of integral
Weierstrass equations for (C, P).

Definition 2.1. A Weierstrass equation E for (C, P) is said to be minimal if
E isintegral and v(Ag) is minimal among all integral Weierstrass equations for
(C, P). The ideal p*t) will be called the minimal discriminant of (C, P).

Let E be any integral Weierstrass equation for (C, P) and suppose the
change of coordinates E — E given by

(2.1) x=uwtk+r, y=u®¥*p41(x)
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yields a minimal Weierstrass equatidn E . By Proposition 1.10 we have v(Ag) =
Av(u) + v(Ag), where A = 4g(2g +1). Thus v(u) > 0, so u € R (and in
particular, u € R* if and only if E was already minimal).

Remark. Tt can also be shown that in the above situation we have r € R and
t(x) € R[x]. We leave the details to the reader.

Now, let (C, P) be hyperelliptic over K with minimal Weierstrass equation
E. Let E denote the equation obtained by reducing the coefficients of E mod-
ulo p. This defines a plane curve C, called the reduction of C . More precisely,
C is the variety defined by reduction of the coefficients of the Weierstrass model
Mg of §1. Since the coefficients of F are integral, 9z may be viewed as a
scheme over Spec(R). Then C is just the special fibre of this scheme. The
unique point at infinity of C is nonsingular, and thus by the properties of the
discriminant, C is singular if and only if v(Ag) > 0.

Now suppose E is a singular Weierstrass equation over k (e.g. the reduction
of a hyperelliptic curve over K ) with singular point Q. If char(k) # 2, we
can change coordinates to get a Weierstrass equation of the form y? = f(x).
Thus Q = (a, 0), with o a multiple root of f.

Definition 2.2. The order dp of the point Q is the multiplicity of the root o
of f.If Q isa regular point, we set dp = 1.

A point of order 2 is called a node, and a point of order 3 a cusp. In the
elliptic case, these are the only types of singularities that can occur (we always
have dyp < 2g + 1) and the singular point is always unique. When g > 1,
however, more complicated things can happen. For example, when g = 2
there are seven possibilities, e.g. a node and a cusp, two nodes, a single point
of order 4, etc. The order of a singular point can also be defined when the
characteristic is equal to two (see [7]).

We close our discussion of the local field case with the following useful result.

Lemma 2.3. Assume char(K) # 2. Let (C, P) be hyperelliptic over K of genus
g with integral Weierstrass equation E : y? = f(x). Write

2g+1

f@) =T x-a), a€eR

i=1
Suppose that E does not have a singularity of degree 2g + 1 (i.e. the &; are
not all equal in k). Then any change of coordinates which yields a minimal
Weierstrass equation must satisfy v(u) < v(2). In particular, if char(k) # 2
then E is already minimal.
Proof. Let L be the splitting field of f(x) over K, and w the valuation
on L which extends v. Suppose the change of coordinates x — u?x +r;
y — u?8+ly 4 (x) (with u € K*, r € K, and t € K[x]) yields a minimal
Weierstrass equation. This equation has the form

fWx+r) 1

2 _ 2
yotax)y = A Z‘I(x)

where ¢(x) = 2t(x)/u?é*!. Being minimal, this equation must be integral.
Hence 4f(u?x + r)/u**? has coefficients in R, and therefore so does

428+ f(u’x /4 + )
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This polynomial is monic with integral roots 4u~%(a; —r) € L. If v(u) > v(2),
then w(a; —r) > 0. But this means that r is integral and &; = 7 for all i,

contradicting the assumption that the & are not all equal. Therefore v(u) <
v(2).

Now suppose K is a number field with ring of integers R. Let M2 denote
the set of finite places of K . For each v € M}, let K, denote the completion
of K at v, R, the valuation ring in K, , and p, the maximal ideal of R, ,
viewed also as a prime ideal of R. Let (C, P) be hyperelliptic of genus g
over K,and set A =4g(2g+1). :

Definition 2.4. Let E be a Weierstrass equation for (C, P) over K. If v € M}
we say E is integral (resp. minimal) at v if E is integral (resp. minimal) when
viewed as a Weierstrass equation over K, . A Weierstrass equation over K is
integral (resp. minimal) if it is integral (resp. minimal) at v for all v € M} .

Thus a Weierstrass equation over K is integral precisely when all of its coef-
ficients liein R. It is easy to see that (C, P) always has an integral Weierstrass
equation, but it may not be possible to find a minimal one.

Definition 2.5. For each v € MY, let A, be the discriminant of a mini-
mal Weierstrass equation for (C, P) over K, . The minimal discriminant of
(C, P) over K is the ideal

Dk =[] Py ).
vEMY

In other words, the (global) minimal discriminant is the product of all the local
minimal discriminants.

Remark. In the elliptic case, the minimal discriminant D¢k is independent of
the choice of origin P . This is due to the fact that any two such points P and
P’ are related by a K-rational isomorphism (e.g. a translation). When g > 1,
this is not necessarily the case, so that for a given hyperelliptic curve C there
may be several minimal discriminants D¢,k , depending on the choice of P.
On the other hand, there can be at most 2g + 2 such choices, so that we may
consider P fixed without loss of generality.

Now, let E be an integral Weierstrass equation for (C, P) over K, and for
each v let

(2.2) X wdx+ry, yeoudEtly +1,(x)

be a change of coordinates which yields a minimal equation over K, , where
u, € K;, r, € K, and ¢, € Ky[x]. Thus by Proposition 1.10, v(Ag) =
Av(y) + v(Ay) . Let ag denote the integral ideal []p™’ . Then

(2.3) (AE) = a’};DC/K.

Note that ar depends only on E and not on the choices (2.2) since for all v,
v(ag) = (V(Ag) —v(Dck))/4-

Lemma 2.6. Let E — E be a change of coordinates of the form (2.1). Then
ag = (u)aE~ .
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Proof. For each v € M we have

v(ag) = (v(Ag) — v(Dc/x))/A
= (Av(u) + v(Ag) —v(Dc/x)/A
=v(u) +v(ag).
and the result follows easily.

Thus the ag all represent the same element of the ideal class group €x of
K.

Definition 2.7. The Weierstrass class wc;x of (C, P) is the ideal class in €k
of any ag .

Proposition 2.8. Let a € ¢ x be an integral ideal of K. Then there exists an
integral Weierstrass equation E for (C, P) such that (Ap) = D¢k .

Proof. Let E be any integral Weierstrass equation for (C, P). From (2.3) we
have (Ag) = a}ECDC/K. Now a and ag are both in the class ¢/, so there
exists an u € K* with ag = (u)a. Thus

(2.4) (u™*Ag) = a*Dc k.

For each v € M,‘g, let u, € K;, r, € K,, and #,(x) € Ky[x] be chosen so
that the change of coordinates (2.2) yields a minimal equation at v. Thus
v(Ag) = Av(uy) + v(A,). Combining this with (2.4) we find that v(u/u,) =
v(u) — v(uy) = —v(a) < 0, since a is an integral ideal. Hence the further
change of coordinates x — (u/uy)?x, y — (u/uy)*8*'y yields an equation E!
which is integral at v. The coordinate change relating £ and E) is given by

(2.5) XX +ry, v uttly 4p,(x).

Let A; denote the discriminant of E;. Equations (2.4) and (2.5) then give
v(4A,) = —Av(u) + v(Ag) = v(a*Dck) -

Let S be the set of places where u is not a local unit. By the approximation
theorem (see [12, Chapter 1]) we can choose r € K, t(x) € K[x] so that
for each v € S, r is close to r, and the coefficients of ¢(x) are close to
the corresponding coefficients of #,(x); and for each v ¢ S, r € R, and
t(x) € Ry[x]. Let E’ be the Weierstrass equation obtained from E via the
change of coordinates

(2.6) x—ulx+r, ye u¥ly +1(x).

For each v € MY, E’ is integral at v and v(Ag/) = v(A}) = v(a*D¢/x) . For
v € S this follows by continuity, and for v ¢ S it is obvious. Thus E’ is the
desired equation.

Remark. When K has class number 1 (e.g. K = Q), Proposition 2.8 shows that
(C, P) always has a minimal Weierstrass equation. If E is such an equation,
then Ag € R is called the global minimal discriminant of (C, P). The global
minimal discriminant is unique up to multiplication by the Ath power of a unit.
In particular, when K = Q it is unique.

In general, (C, P) may not possess a minimal Weierstrass equation, but we
can consider the next best thing.




738 P. LOCKHART

Definition 2.9. Let S be a finite set of places of K which contains the infinite
places. Let (C, P) be hyperelliptic over K with Weierstrass equation E. E
is called S-minimal if E is minimal at v forall v ¢ S.

Corollary 2.10. Given a number field K , there exists a fixed set of places Sy such
that for all (C, P) hyperelliptic over K, there is an Sy-minimal Weierstrass
equation for (C, P).

Proof. For each class in the ideal class group € , choose a fixed integral ideal.
Let Sy consist of all primes which divide any of these ideals. Given g and
(C, P),let a be the ideal which was chosen for the class wc/x . By Proposition
2.8 there is a Weierstrass equation E with (Ag) = ACDC/K, which is clearly
minimal at v forall v ¢ Sp.

The next result says that not only can we choose our equations to be S-
minimal, but by altering them only slightly (i.e. scaling) we can even control
somewhat the behavior at the places in .S. We will need this sharper statement
in §4.

Corollary 2.11. Let Sy be as in Corollary 2.10, let S be a finite set of places
containing Sy, and let E be an S-minimal Weierstrass equation for (C, P).
Then there exists a change of coordinates

(2.7) x - ulx, ye utly

with u an S-unit (ie. v(u) =0 forall v ¢ S) yielding a new S-minimal
equation E' such that v(Ag)—v(Dc/x) is bounded by a constant which depends '
only on the field K . In other words,

(2.8) v(Ag) —v(Dcrk) K 1.

Proof. From Corollary 2.10 we know that (C, P) has an Sp-minimal equation
E with (Az) = a*D¢/x , where a depends only on K . Thus v(Az)—v(Dcjx) <
1 forall v € M2. Now E and E are related by a change of coordinates (2.1).
Since E and E are both S-minimal, ¥ must be an S-unit and the coefficients
of r and #(x) must be S-integral (i.e. they have nonnegative valuation outside
S). The change of coordinates £ — E’ given by

. 2 . t(x —u=?r)
(2.9) X=x-u""r, y—y——uzm—

does not affect the discriminant (it is a translation), and preserves the S-
integrality of the coefficients. Hence the resulting equation E’ is S-minimal
and satisfies (2.8). The composition of (2.9) with (2.1) is precisely (2.7).

3. THE DISCRIMINANT AS A MODULAR FORM

Let C be an elliptic curve over C. A Weierstrass equation E then gives
rise to a lattice Ag C C and a uniformization C = C/Ag . If we write Ag =
01Z + 0,Z with tg = 03/0; in the complex upper half-plane $, then

(3.1) Ag = (27)2a7 12A(1E)
where A(t) is the usual Jacobi delta function (see [13, Chapter VI]). Now

let V(Ag) denote the covolume of Ag (i.e. the volume of C/Ag). Then
V(Ag) = |01 Im(tg), and (3.1) gives

(3.2) Ag| - V(Ag)® = (2m)" Im(7g)®|A(7E)|-
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Since A(t) is a modular form of weight 12, the function Im(7)%|A(7)| is invari-
ant under the modular group SL,(Z), and the quantity in (3.2) depends only on
the curve (C, P). Thus the discriminant (corrected by the volume of the torus
C/Ag) is given by the value of a certain fixed continuous function (arising from
a modular form) at the point on the moduli space $/SL,(Z) corresponding to
(c, pP.

In [3], Goldfeld shows that for a certain class of Weierstrass equations, upper
bounds for Ag can be obtained from lower bounds on the fundamental periods.
Similarly, one can consider bounds on the discriminant in terms of the covolume
of the period lattice. Since A(t) is a cusp form, the right-hand side of (2.7) is
absolutely bounded on $), and we get Ax < V(Ag)~°.

In this section we generalize these results to hyperelliptic curves (C, P) of
genus g > 1 defined over C. The Siegel modular form corresponding to A(t)
in (3.1) is constructed using products of special values of theta functions. This
can be viewed as a generalization of the Jacobi Product Formula

Ag = 167'267"2000(0, 7£)8010(0, 7£)8601(0, 1£)®

where the 6;; are the classical one-dimensional theta functions.

We first recall some basic facts about Siegel modular forms (see, for example
[5]). Let g = {r € M,(C) | ‘= = 7, Im(7) positive definite} be the Siegel up-
per half-space of degree g. For z € C# (viewed as a column vector), 7 € $g,
and m = [Z] with a, b € 1Z#, we have the theta function with characteristic
m given by

Om(z, 1) =Y exp{in{n+a)t(n+a)+2ni{n+a)z+b)}.
nezs

Let I'y denote the congruence subgroup of level N for the symplectic mod-
ular group of degree g. Thus

Ty = {7 €Spy,(Z) | y = Ipg (mod N)}.

The group I'y = Sp,,(Z) acts on $, and on %Zzg in the following way. Let
o=(25)el, 1€9,,and m e 12% . Then

0t =(At+ B)(Ct+ D)™ !,

B9 (B ) (SR,

where diag(M) denotes the column vector composed of the diagonal entries of
M.

Let ¢,(t) denote the function 6,,(0, 7). The transformation law for the
theta function (see [5, Chapter V]) gives

(3.4) Pom(07) = det(Ct + D)* (1), 0 € Spy,(Z).

We note that if m = m’ modulo 1, then ¢,, = ¢, . Equations (3.3) and (3.4)
show that ¢,, is a modular form of weight four for I';.

Given a Riemann surface C of genus g, let {4;,B; |1 <i < g} bea
symplectic basis for H\(C, Z), i.e. a basis such that for 1<i,j<g,

A,'°Aj=0, B,"Bj=0, Ai'Bj=6ij
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where - is the (oriented) intersection product on C. Let {w; |1 <i < g} be
a basis for H(C, Q'). The period matrices ¢, ¢’ are defined by

/
gjj = i, aij=/ wj.
4; B;

We have deto #0 and 7 =070’ € ;. We let A derote the lattice 0Z¢ +
a'Z8 .

Now, let (C, P) be hyperelliptic over C. Let E be a Weierstrass equation
for C of the form y2 = f(x). C can thus be viewed as a branched covering
of P'. Let B be the set of branch points. Write f(x) = fffl (x —a).
Then B = {a;, a, ... , ag4+1, oo} . Attached to any ordering of B there is a
canonical choice of symplectic basis for H;(C, Z) (see [10, Chapter Illa, §5]).
Using this, and the basis for H(C, Q!) given by (1.5), we get og, o, Tk,
and Ag as above. Note that A depends only on E and not on the ordering
of B.

For any subset S of {1,2,...,2g+ 1}, the theta characteristic ns € %Zzg
is defined as follows. Let

t 1
772i—l=I:zEg (%) 63 83]9 1S1S8+1,
4o 010 0) .
’72i—‘|:t(% % % 0 0):|’ 1<i<g,

where the nonzero entry in the top row occurs in the ith position. Then we put
Ns = Y.xes Mk Where the sum is taken modulo 1 (see [10, Chapter Illa]).

Definition 3.1. Let ¥ be the collection of subsets of {1,2,...,2g+1} of car-
dinality g+1. Write U = {1, 3, ... , 2g+1} and let o denote the symmetric
difference operator. We then define

¢(t) = H (/’ﬂrou(r)-

TeX

Thus ¢ is a Siegel modular form for I'; which depends only on g. When
g =1, we have ¢(1) = 28A(7).

Proposition 3.2. Let (C, P) be hyperelliptic of genus g over C with Weierstrass
equation E : y* = f(x). Fix an ordering of the set of branch points B =

{a1, ..., ax41, 00} and let og, tg be as above. Let r = (2;:11), n= (ngl).
Then
(3.5) AL = 248" 48" (det o)~V (1E).

Proof. We need the following result due to Thomae (see [10, Chapter IIla, §8]).
Theorem. Let SC{1,2,...,2¢+1} with |SoU|=g+ 1. Then

(3.6) ors(te) = (detop)'z=* ] (@-a)* J] (ai-a)™
i<j i<j
i,jESOU i,j¢SoU

If Te¥ then ToU isaset S of the form required in the theorem, and the
correspondence T « S is clearly bijective. Taking the product overall T € T,
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we get (note r = (%)

(3.7 e(te) = (etop) 7 [[ | [[ @-4)* ][] (@-a)?
TeX i<j i<j
i,jJET i,je¢T

The number of times the term (a; —a;)? appears in the right-hand side of (3.7)
is

|{T|i,jeTori,j¢T}|=|{T|i,jeT}|+|{T|i,j¢T}|
_(2g-1 2g—1)_( _
_(g—l)+<g+1 - g+1) "
Thus (3.7) becomes

9(te) = (detop)¥n=*¢ [[(ai — a))™.

i<j
The discriminant of E is given by

Ag = 2% Disc(f) = 2% [ (a; — a))?,

i<j
and substituting this into the previous equation yields (3.5).

Remark. Proposition 3.2 shows that a certain power of the discriminant can be
obtained from a modular form. It would be interesting to know if this exponent
could be removed or at least reduced. By using 62, in place of ¢, , one may
take the fourth root of both sides of (3.5). This is carried out in the genus
2 case in [4]. To reduce the exponent further seems to require more subtle
combinatorial arguments.

Proposition 3.3. Let V(Ag) denote the covolume of Ag in C8. The positive
quantity |Ag|-V (Ag)**?/8 is an invariant of (C, P), i.e. it does not depend on
E . Furthermore, the relation (3.2) has the hyperelliptic generalization

(3.8) |Ag| - V(Ag)*+?¢ = 2% n88+4(|g(E)| - det(Im(zg))>)"/".

Proof. By Proposition 1.12, a change of coordinates E — E results in a change
of basis for HO(C, Q') given by (w) = A(®) with det(4) = u~#" . Therefore
Ap = AAj . Hence

= |det(A)*V (Ag) = [u] 72"V (Ap).
From Proposition 1.10 we have Ap = u8¢'+4¢A,, thus |Ag| - V(Ap)*¥E =

|Ag| - V(AE)4+2/3 .
Viewing Ar as a lattice in R*, we get

¥ (he) = [det (RefeE) Relep) )| -

= | det oz |* det(Im(7g)).

det(GE GE)
OE GE

Equation (3.8) then follows directly from (3.5).
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We now show that the continuous function |¢(7)|det(Im1)?" is bounded on
$¢ . We need the following facts about the Siegel-reduced domain F, (see [5,
Chapter V]).

(S1) g is a closed subset of $, and $Hg = U,cr, 03¢ -

(S2) 6(0, 7) is bounded on §, forall m € 17%¢.

(S3) Suppose m = [,] € 2% with a; ¢ Z. Then for any e > 0, the

function 6,,(0, 1) det(Im(7))¢ is bounded on F,.

Lemma 34. Let M = {nroy | T € T}, 0 € Ty. Then oM = {onrov | T € T}
contains at least one characteristic [:] with ag ¢ 7.

Proof. Taking T to be of the form Uo{2i—1, 2i} for 1 <i< g, we see that
M contains all characteristics of the form

t
p,.z[,gg 0 gg] (1 in the ith place).
2
Taking T to be of the form Uo {2i,2i+1,... ,2g+1} for 1 <i< g, we
see that 9 contains
t RV T
q,.=[,28 o 8;] (1 in the ith place).
Finally, letting 7 = U, we see that 0 € 9. Write 0 = (’C’f;) and let

_1 (diag(C’D))
~ 2 \ diag(4B) | °

From (3.3) we get
(opi)g = Jg — %Cgia (0gi)g = Jg + %Dgi, (00)g = J;.
We claim that these cannot all be integers. Otherwise, we would have
Cgi=Dg; =0 (mod 2), 1<i<g,

and the bottom row of ¢ would be even. But this contradicts the fact that
detog = +1.
Proposition 3.5. |¢(7)|det(Im(7))?" is bounded on $,.
Proof. We have
o(v) =[] om(®),

meM
so that forany g € I'y,

lp(o7)| det(Im(07))” = [] lpm(o7)| det(Im(a7))?
meM

=TI 190-1m(7)| det(Im(z))*

meMm

IT lom(0)ldet(Im(z))?

mea—1M

using (3.4) and the fact that det(Im(o1)) = det(Im(7))|det(Ct + D)|~2. From
(S2), (S3), and Lemma 3.4, we see that |¢(7)|det(Im7)¥ is bounded on 63,
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for each g € I'; . By (S1), the 0§, cover §,, but since ¢ is a modular form
of level two, we need only consider the finitely many o € I;\I'y & Sp,,(Z/2Z) .
Thus |¢(7)| det(Im(7))?" is bounded on the entire upper half-space $, .

Combining Propositions 3.3 and 3.5 we obtain

Corollary 3.6. Let (C, P) be hyperelliptic over C with Weierstrass equation E .
Then

|Ag| < V(Ag)~4-%¢

where the implied constant depends only on g .

4. ARITHMETIC CONJECTURES

Let K be a number field, and let (C, P) be hyperelliptic of genus g over
K . In this section we examine two conjectures concerning the arithmetic of the
minimal discriminant ideal D¢,k . As usual, let M,‘} and Mg° denote the set
of finite and infinite places of K, respectively. Recall that for each v € M}
we have a hyperelliptic curve C, obtained by extension of base-field to the
completion K, . The reduction C, of C, is thus a (possibly singular) curve
over the residue field k, of v.

Let S be a finite set of places containing Mz°. Let g, denote the cardinality
of the residue field k,, and N = Ng/q denote the absolute norm from K to
Q. Thus if a is a fractional ideal of K, we have

Na= H g2,
vGM,‘}

For elliptic curves, L. Szpiro has made the following conjecture concerning
the arithmetic of the minimal discriminant (see [15]).

Szpiro’s Conjecture. Let C be an elliptic curve over K . Then

1+¢
(4.1) NDcjx < (H q{,’”)

vgS

where 5
0, C, is nonsingular,
ny=+{ 6, C, has a node,
12, C, has a cusp,

and the implied constant depends only on K, S, and ¢.

Remark. Szpiro’s Conjecture is usually stated as ND¢/x < N®*¢  where N
denotes the absolute norm of the conductor of C/K . For char(k,) > 3 the
valuation of the conductor is 0, 1, or 2, depending on whether the reduction
type is good, nodal, or cuspidal. For char(k,) < 3 the valuation is at any rate
bounded (the bound depending on K ), hence the conjecture is equivalent to
(4.1) (see [8)).

We now generalize Szpiro’s Conjecture to hyperelliptic curves. Let (C, P)
be hyperelliptic of genus g over K.
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Conjecture 4.1. There exist nonnegative exponents n,, v ¢ S depending only
on the reduction type of C,, such that

1+e¢
(4.2) NDcjx < (H q{f”)

vegsS

where the constant depends only on K, g, S, and €. Moreover, if C, is
nonsingular we may take n, =0.

The last condition insures that only finitely many of the n, are nonzero.
More precisely, we have

Conjecture 4.2. The numbers n, are given by

(4.3) m= Y n(do)

Qed,

where dgy is the order of the point Q (see §2) and n(d) depends onlyon g, d.
Furthermore, n(1) =0 (i.e. the sum is taken over the singularities of Cy).

Remark. When g =1 the above reduces to Szpiro’s Conjecture, where we take
nd)=6(d-1), 1<d<3.

Question. What is the correct form of n(d)? By analogy with the elliptic case,
we tentatively suggest n(d) = (4g +2)(d - 1).

Before we examine these conjectures, we require some additional notation.
Let R denote the integers of K. For each v € M,% we let R, be the valuation
ring of v in K, , p, the maximal ideal of R, , and =, a generator of p,. We
have g, = Np, . Let Mx = M UM be the set of places of K. For v € My
we let |-|, denote the absolute value at v, normalized so that J[, ¢y, 1Xlo =1

for all x € K. In particular, we have |x|, = ¢, °® for x € K, . If |-| is any
absolute value, we write |xy, ..., Xp| = max;<;<, |xi|. Let S be a finite set of
places containing Mg . Let Rg denote the ring of S-integers of K, and R}
the group of S-units.

Let x;,..., x, € K. For any set V' of places we define
Hy(xt, ..., %) =[] 1x1, ... s Xalo.
veV

We make the following abbreviations: Hx = Hy,, Hy = HMo ,and H, =

HMoo. Thus Hyx = HyH,, and Hg is just the usual relative multlphcatlve
helght (see [13, Chapter VIII §5]). Let x; € K and let (x;, ..., x,) denote the
fractional ideal generated by the x;. Then

(44) NG,y xn) = [ @) < Boce, L )
vGM,‘}
Note also that
(4.5)
INXi, ..., Nxo| = max IT xile < T 1o oo s Xalo = Hoo(X15 ..., Xn)-

T T vEMpR vEME®
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Finally, for x € Rg we define

Sk(x) = H Qv
vegsS
vlx
where v|x means v(x) > 0.
We are now in a position to state the ABC Conjecture of D. Masser and
J. Oesterlé (see [16]).

ABC Conjecture. Suppose a,b,c € Rg with a+b+c=0. Then
Hg(a, b, c) < Sk(abc)!*
where the constant depends only on K, S, and ¢.

It is known (see [9, 11, 14]) that the ABC Conjecture implies Szpiro’s Con-
jecture. Moreover, Frey [2] has shown that Szpiro’s Conjecture implies the ABC
conjecture (with the exponent 1 + ¢ replaced by % + ¢). Frey’s argument was
generalized to the hyperelliptic case in [7].

It is natural to wonder whether the ABC Conjecture implies Conjectures 4.1
and 4.2 for hyperelliptic curves of arbitrary genus. The remainder of this section
is devoted to the proof of the following result in this direction.

Proposition 4.3. Let C be given by an S-minimal Weierstrass equation of the
form y? = f(x). The ABC Conjecture implies Conjectures 4.1 and 4.2 in the
following cases:

(a) f(x) has only three nonzero coefficients. We have

0, d=1,
(4.6) n(d)§{4g+2, 2<d<2g,
2g(4g+2), d=2g+1.
(b) f(x) splits completely into linear factors over K[x]. We have
dd-1)6g—-2d+1), d<2g,

(4.7) n(d)S{2g2(4g+2), d=2g+1.

Remark. The two cases considered above are rather special. The first allows us
to compute the disciminant easily and to apply the ABC Conjecture directly.
If more than three coefficients are present, the discriminant becomes rather
unwieldy. In the second case, we apply ABC to certain combinations of the roots
of f(x), which are thus required to lie in the ground field. It should perhaps
be noted that the result in part (a) compares favorably with the conjectural
n(d) <(4g+2)d-1).

For the proof of Proposition 4.3(a) we will need the following lemma. This
generalizes an argument due to Hindry and Silverman (see [11 and 14]) con-
cerning the equation z = x3 + y? over the rational integers.

Lemma 44. Let a,bc R. Let m and n be positive integers with m > 2 and
n > 3. Suppose x,y, z € R with

(4.8) z =ax" + by™.
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Let F = (x", y™) and suppose there exists a positive integer X such that

(4.9) v(F)<mnX, veM§.
Then assuming the ABC Conjecture, we have for any ¢ >0,
1+e
(4.10) INx", Ny™, Nz| < (H a1 qé'/("_”) :
v|F vlyz
viF
I+e
(4.11) INx", Ny™, Nz| < (H q,ﬁ"""’ Hqénn/(mn—m—n)>
v|F v|z
vtF

where the constants depend only on K, a, b, and ¢.
Proof. Let S = M . The ABC Conjecture applied to (4.8) yields

Hy(ax", by™, z)!7¢ < Sx(abxyz).

Since Hg(ax", by™, z) > Hg(x",y™, z) and Sk(abxyz) <« Sk(xyz), we
get

(4.12) Hy(x", y™, z)!7¢ <« Sk(xyz).
Let M =|Nx", Ny™, Nz|. From (4.4) and (4.5) we have
Ho(x",y™,z) = N(F)™', Hu(x",y",2) 2 M.

Combining these with (4.12) yields M'~¢ « N(F)Sk(xyz). Now, consider the
inequalities

(4.13) Sk(xyz) - []a™ < N(x)Sk(vz),
v|F

(4.14) Sx(xyz) - [] &™) < N(xy)Sk(2),
v|F

which are easily verified by comparing the exponents of g, on both sides. Using
(4.13), we get

M'=t < N(x)N(F)Sk(yz)- [[ &
v|F
< M'"S(yz)- [[ g%
v|F
Thus,

n/(n—1)
M-t « (1‘[(111}1(1")—11()6)+1 H (Iv) .

v|F vl|yz
vtF

Now v(x) > Lv(F), since F =(x", y™). From (4.9) we have

v(F)-v(x)+1< Osggnx (l+ 1- HD =m(n-1)X

which gives (4.10).
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Similarly, using (4.14) we get
M'~* < N(xy)N(F)Sk(z) [J as "™

v|F
<<Ml/m+l/nSK qu v(x)-v(y
v|F
Thus
mn/(mn—m—n)
Mlc<<(1_[qv v(y+lnq)
v|F v|z
vtF
and

v(F)-v(x)-v(y)+1< sup (” - [4 - H)

0<l<mnX m n

< sup {1+1(1—l—1>J
0<i<mnX m n

< [1+(mnX—l)(l—%—%)J

=(mn-m-n)X
yielding (4.11).

Remark. Lemma 4.4 can easily be extended to S-integers. Let a, b, x,y, z €
R satisfy (4.8). If we replace (4.9) by the conditions

v(F)<mnX, vé¢s,
v(F) <1, veSNME,

where the implied constant depends only on KX, then we get (4.10) and (4.11)
just as before, except that the constants may now depend on S.

Proof (of Proposition 4.3). Suppose we are given C with an S-minimal Weier-
strass equation E: y* = f(x), where f(x) has only three nonzero coeffi-
cients. These conditions are invariant under a change of coordinates x — u?x ;
y — u?6tly with u € R}. Since enlarging S only helps our cause, we may
assume by Corollary 2.11 that

(4.15) ’U(AE/QC/K) <1, veES.
It will also be convenient to assume that S contains all ramified places, and all
places dividing rational primes p <2g+ 1.

Since C is nonsingular, f(x) cannot be divisible by x2. We thus distinguish
three cases:

(1) E:y*=x"+A4Ax*+B, B#0, n=2g+1, 2<k<n-1,
(2) E:y*=x(x"+Ax*+B), B#0, n=2g, 1<k<n-1,
(3) E:y*=x"+Ax+B, AB#0, n=2g+1, k=1.

Let m =n— k. Since E is S-minimal, we must have
(4.16) min(v(A4"), v(B™)) < 2mn, vé¢s,
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else the discriminant at v could be reduced by the substitution x — n2x;

Yy n28+! y . Similarly, from (4.15) we deduce that
(4.17) min(v(4"), v(B™) <« 1, veS,
where, as usual, the constant depends only on K.
Let r=(n, k). Define no =n/r, kg =k/r, mo=m/r, and let
D = ng™B™ + (—1)m~1 ko mgmo gro.
Computing the discriminant using resultants (see §1), we get
r"Bk=1pr  case (1),
Ag =< r"Bk1Dr case (2),
D, case (3).
- To handle the first two cases, we set F = (A", B™) . Then (4.16) and (4.17)
give
v(F) < 2rmgng, vé¢s,
v(F)« 1, veES.

Let M =|NA™, NB™ ND|. By the remark following Lemma 4.4, we may
use the lemma with X = 2r to obtain the bound '

(4.18) M-t « Hqgfmo"o H qgo/(no—l).
v|F v|BD
viF
Now,

NAg <€ NBki:lNDr < M(k:l:l)/mo+r — M(n:l:l)/mO,
where the minus sign is used in case (1) and the plus sign in case (2). Using
this in (4.18), we get
(4‘19) NA;,:-E < Hqgn(”il) H qgo("il)/mo("o—l).
v|F v|AgviF

Here we have used the fact that BD divides Ag. In both cases the exponent
2n(n £ 1) is equal to 2g(4g +2), and
no(n+1)
— 2 <2(ntl1)<d4g+2.
oo — 1) = 2" E1) <48

Since the places outside of S which divide D¢/ are the same as those dividing
Ag , we get

1+¢
NDC/K <« NAg <« ( H q,',’")

végsS
v|Dcik
where
4g +2, F,
(4.20) ny = { g+ vy
2g(4g+2), wv|F.
Now consider the reduction of the curves in cases (1) and (2) at a place
v ¢ S.If ve F, then we have v(4) > 0 and v(B) > 0, hence the reduced
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equation has a unique singular point of degree 2g + 1. If v ¢ F, then the
reduced equation cannot have a singular point of degree 2g + 1. It follows that
the estimate for n, in (4.20) is actually better than that given by (4.6). This
completes cases (1) and (2).

In case (3), we have F = (4", B™) and X = 2. Lemma 4.4 gives

(4 21) Ml—e < Hq2mn H q1:nn/(mn—m—n)
° v
v|F v|D
vtF
where M = |NA", NB™, ND|. We have NAp = ND<M and m=n-1.
Thus
NA}E_E <<Hq3n(n—l) H q1(}n2—n)/(n2—3n+l).
v|F v|Ag
viF

The first exponent is 2n(n — 1) = 2g(4g + 2), and we have

n?-n
—_— <2n= >
n2—3n+1“2n 4g +2, n>3,
so again (4.6) is valid. The reason case (3) needs to be handled separately is
that the places dividing B do not appear in the discriminant as they do in cases
(1) and (2). This completes the proof of Proposition 4.3(a).
For part (b), we are given an S-minimal equation E : y? = f(x) with
n
(4.22) f)=]](x-e), ai€Rs,
i=1
where n=2g+ 1 as before. Let a;; = a; —a; forall 1 <i,j<n. Then the
discriminant of E is simply

(4.23) Ap =2%T]a}.
i<j

Let F = (a;j), the fractional ideal generated by the a;;. We will need an
upper bound on the size of v(F) for all v € MY . First, suppose v(F) > 2
for some v ¢ S. Then v(a;;) > 2 forall 1 < i,j < n. Hence all the
a; are congruent mod p2. Let o be any one of the «;. The substitution
X — wlx +a, y +— nly then yields a v-integral equation with smaller
v(Ag), contradicting the S-minimality of E. Therefore v(F) < 1. We see
that v(F) = 1 only when the reduction of E has a singularity of degree n.
Otherwise, since F is an S-integral ideal, we have v(F)=0.

By Corollary 2.11, we may assume (as in the proof of part (a) above) that

(4.24) ’U(AE/@C/K) <1, v €eS.

This means that the «; cannot all be very close to each other, hence the minimal
v(a;j) is bounded by a constant depending only on K . In other words,

(4.25) W(F)<1, veS.

Now, we have a;; +aj, + ax; = 0, so the ABC Conjecture gives

(4.26) Hy(aij, ajk, ax;) < Sk(aijajear;) ' *e.
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Let us write Na;; in the form
N(ai2) N(aiz, ax)
N(aiz, ay3)  N(ap, axs, az)

N(aiz, ..., an-2,n-1) <N
N(aIZa ceey an—l,n)

Nap; =

(4.27)

(@12, -+ Gn1,n)-

(This idea was sugested by J. Oesterlé.) To estimate the terms in this expression,
we require the following:

Lemma 4.5. Let x1,...,xn, x € K. Then

N(xla 3xn)
N(xls °°'axn’x)
Proof. From (4.4) and (4.5) we get

S HK(XII ) x)'

Nx,
= . > —_—
HK(xn,x) Hoo(xnax) HO(xn,x)— N(Xn,X)
Thus we are reduced to showing that
(4.28) N(X1y .oy Xn)N(Xp, X) S NXp - N(X1, ..., Xn, X).

We will prove the stronger statement that for any v € M3, the exponent of g,
on the left side of (4.28) is less than that on the right. Let b = v(x), b; = v(x;).
We need to show that

(4.29) min(by, by, ..., by) + min(b,, b) < min(by, b, ..., by, b) + by.

But this is always true for any integers b, by, ..., b,, b € Z. Indeed, if b; < b
for some i, then

min(b,, by, ..., by) =min(by, by, ..., by, b), min(b,, b) < b,,
and if b < b; for all i, then
min(by, by, ..., by) < b,, min(b,, b)=b=min(by, by, ..., b,, b).
In either case we have (4.29) and the lemma is proved.

Applying Lemma 4.5 to (4.27), and using the fact that {ai2, @23, ...an—1,n}
generates F, we get

Nay; < Hg(a12, @23, a31) -+ Hg(@n—2,n—1, @n—1,n, Gn,n—2) - N(F).
Here we have used the relation Hg(a, b) = Hk(a, b, —a — b). Now (4.26)
gives
n-2
(4.30) Najy® < N(F)- [] Sk(ai,in18i41,142i42,1)-

i=1
Moreover, we may apply any permutation of the indices in (4.30) to obtain sim-

ilar estimates for the norms of the a;;. Multiplying over all such permutations
yields

HNaggn—Z)!(l—e) < N(F)n! . H SK(aijajkaki)“n—z)!

i
i<j i<j<k
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which gives
2(1—¢) n(n—1 6
[INa' = <« NF)" ™=V ] Sk(aijapan).
i<j i<j<k

Thus from (4.23) and (4.25) we get

N@Ag)'~ < [ e
vgsS
with
1 s v(a,-jajkaki) >0
0, otherwise.

ny,=n(n—1v(F)+6 Z {
i<j<k
Let T denote the number of triples (i, j, k) forwhich 1 <i<j<k<n
and v(a;jajray;) > 0. Then

n(n—1)+ 6T, E has a singularity of degree n,
6T, otherwise.

(4.31) ny = {

where the tilde denotes reduction mod p, .

Consider the complete graph G with vertices a;, 1 < i < n. Label the
edge joining o; and «; with the number &,21-. T then counts the number
of triangles in G containing an edge labelled 0. The set of such edges of G
form a collection of disjoint complete graphs, one for each multiple root of f .
More precisely, a d-fold root of f corresponds to a K, all of whose edges are
labelled 0. T thus breaks up into a sum over multiple roots of f, which are
just the singularities of C,. We have T = Y. . T(d,) where T(d) is the
number of triangles in G with an edge in a fixed K, . In particular, 7(1) = 0.
A simple computation gives

T(d) = (‘;)(n ~2)- 2(?) = %d(d ~1)(3n-2d -2).

Thus
ny = Z n(da)
a€Cy
with dd-1)3n—-2d—-2), d<n
n(d)_{n(n—l)z, d=n.
Setting n = 2g + 1 gives (4.7) and the proof of Proposition 4.3 is complete.
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